of Q Jv (Rv R 2 and QJQ1 being fixed) the motion becomes turbulent, it is prob th at only a single wave-length can be observed.
I t is also shown th at there are no solutions for complex or imaginary there are, however, solutions for positive and negative values of as was found by Taylor. I t should be emphasized th at this solution is only valid for positive i.e. when the cylinders rotate in the same direction.
Equations of motion D. Meksyn
Below are given the equations of motion as set out in Taylor's paper (1923, pp. 294-5) ; also Taylor's notation will be followed as closely as possible.
Let V be the velocity at any point of an incompressible viscous fluid in steady motion between tw o infinitely long rotating cylinders of radii R 1 and R 2 (R2 > Rx).
If r is the distance of a point from the axis, then
V = A r + -, (2 -1 ) r
where A and B are connected with the angular velocities Dx and Q2 by the relations
QX = A + BIR\, Q2 = A + B J R l
(2-2)
where fi = 0 2lfJr. Let u, V + v, w be the components of velocity in the disturbed motion, u along V + vperpendicular to the meridian plane, and w is the component along the axis.
I t is assumed th at u, v and w are small compared with V, and th at the disturbance is symmetrical, so th a t they are functions of r, z and t only; z is the co-ordinate parallel to the axis, and t is the time.
Neglecting products and squares of u, v, w the equations of the disturbed motion may be written 10p_F2 pdr r 0 1 dp pdz~^+
where p represents pressure, p density, v is kinematic viscosity, and
The equation of continuity is
The six boundary conditions which must be satisfied are the last two equations can be written as
From (2-8) and (2-11) then
whence substituting in the last equation (2*11)
( 2*10) ( 2-11) ( 2-12) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) 
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It should be borne in mind th at L and M are operators, whence the order in which they follow is essential.
Making use of (2-10) one finds the equation for v0
where for the sake of brevity the subscript of v was dropped.
Integration of equations of motion
Before integrating the equation (2*14) it would be convenient to express all lengths in units of R0, the mean radius; the large parameter would then A R0, which is an abstract number. This transformation can be avoided, however, by assuming th at r remains of the order of unity, and th a t A is large.
The integrals of (2-14) must now be expanded in inverse powers of A.
Assume th at
is a solution of (2-14), where £ is a function of r containing also the large parameter, and Ci s a slowly varying function of r.
The order of magnitude of the above functions and their derivatives is as follows: Collecting terms of the order of magnitude of six and five respectively, and equating them to zero, then
(3-4)
I t was assumed in the above th at B/r2 is of the same order as A, since B contains R\ as a factor, and r changes between B l and the difference between them being small in comparison with each of them; A was assumed to be of the order of A2, which will be justified a Smce our integrals will only be needed to solve the boundary conditions equation, fu rth r simplifications can be made in (3-6).
I t can be easily shown from (2-3) and (3-9) th at
where only terms up to rJR 0 were retained; whence 4 y2A4
where a is given by (3-10); it can therefore be assumed th at
o find £ one has to integrate £' (3-12) with resp characteristic equation there will appear terms like and it is clear th at the term in y2 in £ will make no contri (3-12) can therefore be disregarded in the first approximation, and it be assumed th at £' is constant within the range considered; it does not follow of course that, generally, £" can be taken equal to zero; whence
Now introduce the following notation; let The differentiation of/(£') is taken with respect to £' and not r; in what follows the £''s can be taken as constant and th e /'(£ ') disregarded.
B oundary conditions
From (2-9) and (2-12) it is found that the boundary conditions are
r -R x and r = R 2, whence from (2T0) the above conditions becom
at r -R x and r = R2, where the terms d vjrd r and d v jr 2dr were disre second and third equations (4-2) as being of lower order of magnitude.
A further simplification can be made in the expressions (3T6) before they are used in the boundary conditions. The factors/'(£ ') in the denominators (3*16) can be disregarded, since they appear symmetrically in the characteristic equation, and drop out from the final expression; and, since the terms due to £" were found to be very small in comparison with the terms due to £', the latter can be treated as constant in the differentiations.
Accordingly it is assumed th at vi = ^ exP M r ), v% = j-j exp (oAr), v3 = ^e x p (-a A r), = ^e x p (-oA r), > vs = ^e x p (a 0A r),v6 = ^e x p ( -a 0Ar).
(4-3) I t will be necessary to differentiate the v's when substituting in the boundary conditions (4*2); the dominant term only will be retained in these differentiations; for instance,^ = ^e x p ( o A r ) -^jexp(aA r), and the second term on the right-hand side will be disregarded since it is of the order 1 /a\r, which was assumed to be small. I t should be noticed that, even if it were desirable to get a better approximation, it would still be simpler to disregard these terms in the first approximation and introduce them only in the second approximation. 
Evaluation of the determinant
To evaluate the determinant one must bear in mind the order of magnitude of its terms.
The constant a0 may be either real or purely imaginary, but a and a are complex, the real part of which can be assumed as positive.
In the determinant there will be terms proportional to and, since exp (aXd) is large, the terms of the second and third kind (5-1) will be much smaller; whence they can be disregarded. The remaining terms lead to To evaluate P and Q they are divided out by (ei~ e2) (e3 -e4). Inser and Q the expressions for d 12 and A34 it is found that, after few transformations, whence (5*4) becomes
where the symbols employed in (5*6) are explained in (2*7) and (3*14), and < 2 is the distance between the cylinders. This value of h, however, redupes (4-3) to two asymptotically independent solu only, whence it has to be discarded. The following im portant result is then obtained; in order th a t the motion may be unstable it is necessary th at h shall be negative, its absolute value being larger than unity; i.e. from (3-11) the condition of instability is
i.e. for fixed Qv p, R x and R 2, A has an upper there is, therefore, only number of possible solutions. This is in striking contrast to the case of elastic vibrations where there is always an infinite number of harmonics.
(ii) l + &<0. Putting
and (5-6) becomes, after few transformations,
then, finally,
The equation (6-10) will evidently have a solution for real values of A; hence follows the well-known result th at the motion will be unstable if (3*11)
The two equations (6-10) and (3-11) must be solved for the three unknown quan tities h, A and Qv under the additional condition th at Qx is minimum.
Since the right-hand side of (6-10) is of the order of unity, a change in h will not affect greatly the value of the left-hand side of (6-10); whence, roughly, it is necessary to find the minimum of Qv where (3-11)
Qx~hV A2, (6-12) under the condition th a t (6*10) | 1 + h| * A = const., whence the required solution is, in the first approximation,
To find a better approximation one assumes for a set of values starting, say, with h --3, and from (6*10) follows the corresponding values of A (say). e (3* 11)
Qx is proportional to AM2, i.e. to h%p2, the latter expression is evaluated. Plotting A%?2 against h, h is found corresponding to the minimum of W-p2, i.e. of Qv which is the required solution for h ;the valu obtained from (6*10) and (3*11) respectively.
D. Meksyn
These computations lead to results which are in very close agreement with Taylor's, namely, h = -2*60, Ad = 7 (6*14) 17'576-(6*15) If in our expression (6*15) A is eliminated by making use of (6*14) and the term depending on 3r0/2P0 is disregarded, the expression becomes identical but inverse to Taylor's expression, -P(1 -/*)/( 1 + p ) ( Taylor 1923 It should be noticed th at the curve of critical Qx against A is extremely flat at the bottom, and th at an increase of | % in Qx is sufficient to change the value of the wave-length by about 5 %.
That might explain the scattering in the distances of the vortices observed by Taylor; it was, in fact, of the above order of magnitude.
Solution of the characteristic equation, cr 4= 0
In the above investigation it was assumed th a t 0; consideration will now be given to th e more general case when <74=0.
To solve the equation 
r3
Consider th e following cases.
(a) cr real and small. Consider the case when (7*5), (7*6) (7-6)
There is no difficulty in discussing the more general case, th e present purpose. From (7-6) one obtains, to a first approximation, b u t it is not needed for
The new characteristic equation will, therefore, be similar to (6*10) except th a t, instead of A and h,one obtains A0 and h0; the corresponding conditio critical value of Q1 is given by (6-14): h0 = -2*60, A (7-10)
Denoting the new critical value o iQ x by O0, then (3-11) (7-11) 0 1 A* ~ A4' and (7-9)^ = (1+r)2 . Since it leads to a negative result, only a brief sketch of this investigation will be given.
The characteristic equation (5*4) becomes^-r r 7^+^ = °-<7' 15>
Making use of the notation (3-15), then (7-5), (7-6) a2 = l + (x1 + 2)y, a2 = 1 + (x2 + where xl5 x2 and x0 are the roots of (7-6); the equation (7-15) is transformed into (4*4)
-(*i -1) (x» -x 0) -^( x 2-l ) (xx-x0) = -( a ? o -l) ( « i-« a).
(7-17) ao To eliminate the radicals a/a0 and a/a0 one proceeds as follows. Making use of (4-4) and (7-16) then ri2 /y 2 Za (xi " 1 )2 (xz ~ xo )2 -~i(*a ~ 1 )2 ~ *o)2 Uq Uq 1 + (aq+2)y f+(a;o + 2)y l + (xa + 2)y l + (x0 + 2)y (x2-l^f o -x^2. (7-18) Dividing (7-18) by (7*17), and adding the obtained equation to (7*17), one eliminates a/a0; squaring the result obtained then, after few transformations, 2{(x i -1 )2 (x2 -x0)2 + {x2-l )2 (xx -x0)2 + yH [(x2 -x0) 
